
Mathematical Foundations for 
Machine Learning and Data Science

Singular Value Decomposition, Column Space 
and Null Space

Dr. Zubair Khalid

Department of Electrical Engineering
School of Science and Engineering
Lahore University of Management Sciences

https://www.zubairkhalid.org/ee212_2021.html

https://www.zubairkhalid.org/ee212_2021.html


Outline

- Positive/negative definite and semi-definite matrices

- Singular Value Decomposition (SVD)

- Formulation

- Interpretation

- Application examples

- Column space and Null Space



Positive/Negative Definite/Semi-Definite Matrices
Definition:



Positive Definite and Semi-Definite Matrices
Interpretation:



Positive Definite and Semi-Definite Matrices
Interpretation:



Positive Definite and Semi-Definite Matrices
Eigenvalues of symmetric PSD/PD matrix:

How?

Similarly, we can show the following:
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Singular Value Decomposition
Overview:

- The singular value decomposition (SVD) of a matrix is a central matrix decomposition 
method in linear algebra. 

- It has been referred to as the “fundamental theorem of linear algebra” (Strang, 1993) 
because it can be applied to all matrices, not only to square matrices, and it always 
exists.



Singular Value Decomposition
Formulation:



Singular Value Decomposition
Formulation:



Singular Value Decomposition
How to Compute SVD?

How? You are fully equipped to show this.



Singular Value Decomposition
How to Compute SVD?

How? You are fully equipped to show this.

Now you can explain the non-negativity of the singular values.



Singular Value Decomposition
SVD Summary



Singular Value Decomposition
Geometric Interpretation

Transformation
(Change of Basis)

Scaling
(In new Basis)

Transformation
(Change of Basis)



Singular Value Decomposition
Geometric Interpretation



Singular Value Decomposition
Geometric Interpretation - Example



Singular Value Decomposition
Rank of a Matrix:

How?

Application Example – Rank Estimation:

We use SVD for the estimation of rank while analyzing data. How?



Singular Value Decomposition
Application: Matrix Approximation

(k-rank approximation)
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Column Space and Null Space
Column Space:

(all possible linear combinations of columns of A)



Column Space and Null Space
Null Space:

(all points that are mapped to zero by matrix A



Column Space and Null Space
Example:


