Second-Order Circuits -Lecture Notes

Second-Order Circuits:
A circuit with two energy storage elements (capacitors and/or Inductors) is referred to as 'Second-Order Circuit'.

Why: The network equations describing the circuit are second order differential equations. In other words, current through or
voltage across any element in the circuit is a solution of second order differential equation.

Following are the examples of second-order circuits.
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Analysis of Second-Order Circuits
Analysis of second-order circuits requires us to solve second-order differential equation.
We therefore quickly review the solution of second-order differential equation.

Nonhomogeneous linear constant coefficient (LCC) second-order differential equation of the form:

d?y(t dy(t
20 1 g, 20 4 g, y(0) = Q)

- For any circuit analysis problem, (1and Qyare non-negtaive constants that are determined by the parameters
(resistors and capacitor/inductor) of the circuit.

- y(t) - current through or volatge across any element of the circuit, also called response of the circuit.

- Q(t) - forcing function or excitation. When Q(t) is zero, the equation is referred to as homogeneous
differential equation.

We have the following solution of the differential equation
y@© =y + @)
Complementary solution Particular integral

v (t) - Complementary solution
¥p(t) - Particular Integral
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Complementary Solution

Complementary solution is a solution of associated homogeneous differential equation. To find the
complementary solution, we form the characteristic equation, also referred to as auxiliary equation, using the
coefficients in the differential equation as

s?+a;s+a,=0
The solution (roots) of the characteristic equation is given by

a, +y/a? — 4a,

51,522_7 >

Based on the values of the constants, the roots can be real or complex. We therefore categorize the solution
into 4 types, depending on the nature of the roots.

Case 1: a12 —4a, >0

¢ The roots are real and distinct, indicated in the s-plane on the right
a
¢ The roots are centred around — 71

e The solution is of the form

Ye(t) = kye1t + kped2t

AIm(s)
« Interpretation: The solution is a sum of two decaying exponentials
« The exponential due to the root closer to the origin or imaginary-axis
decays slowly over time
- Such solution or response is referred to as over-damped solution.
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Case 2: af — 4a7 =0
a
¢ The roots are real and equal, located at — 71
¢ The solution is of the form
Ve (t) = kieS1tt + k, testt= et (ky +k,t)

« Interpretation: The solution is a sum of decaying exponentials times a linear function of time

SOC-Notes Page 2



JC\v) — niv 1y v — v \Uvp tovy vy

Interpretation: The solution is a sum of decaying exponentials times a linear function of time

Such solution or response is referred to as critically-damped solution.

Im(s)

< R
-4
Case3: a? —4a, <0
The roots are complex and appear as complex conjugate pair
Let's reformulate the roots in complex form as
a; + jy4a, — af
51,85 = ——
ve2 2 2
The solution is of the form
Yo (t) = kie51t + k, eS2t <

Re(s)

A Im(s)

w1

4a,-a?
5 the solution can be

By introducing the notationas 6 = — % and w; =
reformulated as

ye(t) = kel @t 4 |, o0 @t = 0 (k. coswit + k4 sinw t)
Interpretation: The solution is a product of decaying exponential and oscillatory function.

The decay rate is determined by the real part of the root and the frequency of oscillation is
determined by the imaginary part of the root.

Such solution or response is referred to as under-damped solution.

Cased: a; =0

The roots are complex (purely imaginary) and appear as complex conjugate pair

Let's reformulate the roots in complex form as

ijﬂ 4a2

S1,8S2 = _2

The solution is of the form

Ve (t) = (kq cosw it + k,sinwqt)
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Ve (t) = (kq cos wit + kysinw t)

* wy =

1/4‘0,2
2

¢ Interpretation: The solution is oscillatory in nature
¢ Such solution or response is referred to as un-damped solution, as there is no damping

(decaying exponential in the solution).

Particular Solution or Particular Integral

To find particular solution, we use a technique, referred to as "method of undetermined coefficients".
In this method, a trial function is assumed to be a particular solution. A trial function is chosen based on the given form or
mathematical representation of the excitation function Q(t). We assign constants (undetermined coefficients) to the trial

function and substitute the solution in the differential equation to determine the value of undetermined coefficients.

Since Q(t) represents voltage or current source (excitation) , it can only take few mathematical forms such as constant (DC),
exponential, ramp, sinusoidal etc. We use the following table to choose trial function as particular solution

& ) ?F(Jc)
K ((.ons'/aw.—l) A

K t At 4+8

K+ Aty Bt4c

- <t -t
Ke™ ™ A"

Keorwt Acorwt 4+ Bsinwt
K sinut
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Analysis of Second-Order Circuits

We assume now we are capable to carry out the following.
- Write network equations using KCL and KVL

- Evaluation of Initial Conditions
- Determine solution of second-order differential equation

This is all we need to analyse second-order circuits. The most important step in the analysis of second-order or higher-order circuits is
the formulation of differential equation in terms of variable of interest.

You should choose the loop variables or nodal voltages while writing network equations such that the equations are formulated in
terms of variable of interest. Once you have the network equations, you should learn to manipulate the equations such that you have

a differential equation.

Once you have the differential equation, you can determine complementary solution and particular integral (if required) and use initial
conditions to determine the constants of integration.

Caution: The constants of integration must be determined using the complete solution, that is, the sum of complementary and
particular solutions.

The problems covered in-class have been uploaded on the course page.

| encourage you to review the sections 6.1, 6.2 and 6.3 of the textbook. See Table 6.1 along with the examples in the book
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Second Order Circuits

Problems - In class

Problem 1: In the following circuit, the switch is operated at t=0. Determine
and plot the current i(t) for all times.
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Second Order Circuits

Problems - In class

Problem 2: In the following circuit, the switch is operated at t=0. Determine
and plot the voltage v,(t) for all times.
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Second Order Circuits

Problems - In class

Problem 3: In the following circuit, the switch is operated at t=0. Determine
the voltage v (t) for all times.
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Second Order Circuits

Problems - In class

Problem 4: In the following circuit, the switch is operated at t=0. Determine
the current i (t) and voltage v,(t) for all times.
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Second Order Circuits

Problems - In class

Problem 5 (6-25): In the circuit below, the steady state is reached with switch
K open. The switch is closed at t=0. Determine the current i(t) for t 2 0.
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