First-Order Circuits - Lecture Notes

First Order Circuits:

A circuit with only one energy storage element (capacitor or Inductor) is referred to as 'First Order Circuit'.

Why: The network equations describing the circuit are first order differential equations. In other words, current through or
voltage across any element in the circuit is a solution of first order differential equation.

There are two types of first-order circuits: RL circuit and RC circuit

Note: If there are multiple energy storage elements in the circuit such that they can be reduced to a single equivalent energy
storage element, the circuit is first-order. For example, multiple capacitors/inductors in series/parallel combination.

Concept of Switching and Equivalent Model of Elements

For convenience, we operate the switch in circuits at t=0.
We define three times

- 0" -Time instant before operating the switch

- 0% - Time instant after operating the switch
- o - Infinity (final state of the circuit)

Energy storage elements serve as memory elements in the circuit and therefore these should be analysed at the time of switching.
To analyse the behaviour of the energy storage elements, we recall the characteristics of energy storage elements.

- Capacitor does not allow instantaneous change in voltage
. av . .
o Why:i= CE . To change the voltage instantaenously, we require infinite current.

o Except when the capacitor is connected directly to a voltage source. In such case, infinite current is supplied by the source to charge
the capacitor and consequently change the voltage.

- Inductor does not allow instantaneous change in current
di . . s .
o Why:v=1L d—i. To change the current instantaenously, we require to apply infinite voltage across inductor.

o Except when the inductor is connected directly to a current source. In such case, infinite voltage builds up across the induc tor to
change the flux and consequently change the current.

- If the voltage across capacitor is constant (not varying with time), the current through the capacitor is zero. Zero current -> Open-circuit
- If the current through inductor is constant (not varying with time), the voltage across inductor is zero. Zero voltage -> Short-circuit

Taking into account these considerations, we note the following behaviour of elements at the time of switching and at t = co.
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Now we quickly analyse one circuit without going into much detail. Consider RC series circuit connected to a voltage source of 10V. At t=0, the
circuit is disconnected from 10V source and connected to -5V source using a switch. Assume that the circuit has been connected to 10V source

for very long time such that the capacitor is fully charged.
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Q: How does the voltage across capacitor change?
A: Capacitor voltage changes from 10V to -5V. Simple! S "“\4 ¢ —5

S—’cao’] St(‘(
Value .

Q: How does the current through change?
A: Current will be negative for some time and becomes zero (once capacitor voltage reaches -5V). Simple!

But
¢ How much time does the voltage take to decrease from 10V to -5V?

¢ How does the voltage decrease from 10V to -5 V (linear, oscillatory, exponential)?
e How do we analyse the more complicated circuit?

You will be able to answer these questions by the time we finish our analysis of First-order circuits.

Using this example, we can also define "initial value", "transient response" and "steady state value". For example, the initial value (or state) of

the capacitor voltage is 10V. The steady state value, by definition the value at t=00, is -5V. The transient response refers to the response of the
circuit from the initial state to the steady state value. These have been indicated on the plot above.

Solution of First-Order Differential Equation:

To facilitate the students not taking Engineering Modelling, we quickly review the solution of first order differential equation.

We consider a nonhomogeneous first-order differential equation of the form:
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ay(t)
224 Py(0) = Q1)

- For any circuit analysis problem, P is a positive constant that is determined by the parameters (resistors and capacitor/inductor).
- y(t) - current through or volatge across any element of the circuit, also called response of the circuit.
- Q(t) - forcing function or excitation. When Q(t) is zero, the equation is referred to as homogeneous differential equation.

We have the following solution of the differential equation

y() = Ke Pt + e‘Pth(t)ePtdt

Complementary solution Particular integral

Yp ®
7:(t)

v (t) - Complementary solution - Also referred to as transient response as it decays to zero as time progress (P is positive constant)
yp(t) - Particular Integral and is also referred to as steady stare response since y.(t) decays to zero over time.

Special Case - Q(¢) =0

y(t) = Ke™®*

Special Case - Q(t) = Q (constant)

y(t) =% + Ke™Pt

Circuits without sources (Excitation):

Now we start analysing circuits without any sources, also called, source-free circuits as the circuit does not contain any sources after
operating the switch.

RC Series Circuit: {’ [2)

Vo _

Problem 1: Determine the voltage across capacitor for t = 0.

Initial conditions (state) of the capacitor (Analyse circuit at t=0")

Capacitor is fully charged. v;(07) = v, = UC(0+)

After the switch is operated

dve . ve dv. . vc
a Tk . ’ . dt ~ CR ’
Ve = ke Rt =ke t t=0 T = RC is referred to as time constant.
_t
vo=vge t t=0 (Using initial conditions)

Interpretation of the response: Once the source is removed, the capacitor voltage decays to zero from v,. The rate of decay is
governed by the time constant of the circuit.
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Larger the value of time constant, more time the voltage takes to decay to zero. Time constant serves as a measure of the
amount of memory of the circuit as it quantifies the retention time of the voltage across capacitor.

In the limiting sense, when R=co, an ideal capacitor retains the voltage forever. Practical capacitor decays slowly to zero due to the
parasitic resistance.

t
Let's also quickly review the plot of Ae 7.

y(t) = Ae b y1=6"-yu“—'(0-37)-yu
p=elyy=e2 .y~ (0.14) - yo
ys=e€ -y2=e " -y (0.050)-yo
ys=e ' ys=e"*. yo~ (0.018) -y

5. yp =~ (0.0067) - yo

e = ’ t

Source: https://www.geogebra.org/m/dYTScKrP

Problem 2: Determine the current through the capacitor for t > 0. Do it yourself, please :-)!

4-0
RL Series Circuit: ' —O- [ o
- ] N7
Problem 1: Determine the current through the inductor for t > 0. K
Vo L3
N . R i (4)
Initial conditions (state) of the inductor (Analyse circuit at t=0")
Inductor is carrying constant current. i(07) = I, = i(0F)
After the switch is operated
di di R
L—+Ri=0 —4+-i =0
de + ! de + L !
_Rt _t
i=ke L =ke tt=0 T = L /R is referred to as time constant.
-t
it)=1Ie = t=0 (Using initial conditions)

Interpretation of the response: Once the source is removed, the inductor current decays to zero from I;. The rate of decay is
governed by the time constant of the circuit.

Larger the value of time constant, more time the current takes to decay to zero. Time constant serves as a measure of the
amount of memory of the circuit as it quantifies the retention time of the current through inductor.
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First Order Circuits with DC Sources:
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_ o Solutions
First Order Circuits

Problems — In class

Problem 1: In the following circuit, the switch is operated at t=0. Determine
the current i(t) through 3Q resistor for all times.

+ i(t)
Ve(t) =—=1¢ 30
" g
Analysis at t =0~ Analysis at t = 0T
- Capacitor is open circuit. - 0.(07) = v.(07) =4V

N _ 3 _
-0.(07) = § x 12 =4V -1(0T) = v.(07)/3 = % A

Analysis at t = oo

- No source in the circuit - i(oc0) = 0

Circuit Time Constant 7

- Find R, = Ry;,. - Equivalent resistance across capacitor terminals is 6/|3 =
2 Q).
-T=CReg=25

Solution Formulation

’L(t) = Kl + ng*t/'r’ Kl = z(oo) — 0’ K2 — @(O-F) _ ’L(OO) — %A
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_ o Solutions
First Order Circuits

Problems — In class

Problem 2: In the following circuit, the switch is operated at t=0. Determine
the voltage v,(t) for all times.

20 v,

—— AW

2H
SW1 +

2Q
T Vo(t)

Ci)nv 20

4V

Apply nodal analysis for vy:

v, — 12 v, +4 U1 8
— =0 =uv =V
5 T3 T3 1= 3

Current through inductor: iz (07) =i (0%) = %A, = v,(0") = %V

At t- O’{' ) ',-{\/ wad BdL (d’o 'nc’IL —have ; )
> 2H (W) mg g A Bl
T’{”“’ i qﬂ“ﬁ _vel4).
[2 é\j 7 G T\/-:H ) :
[P

’Uo(t) = K, —|-f(v2e—t/1"7 K, = “UO(OO) =06V, K= TJO(0+) _ ’UO(OO) — mv

T = %, L =2H, R =40 = 7= 0.5 seconds.
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_ o Solutions
First Order Circuits

Problems — In class

Problem 3: In the following circuit, the switch is operated at t=0. Determine
the current i(t) for all times.

20 60Q 40

i0)

— 1F SwWi1 12V

36V

i(t) = K| 4+ Kee "7, K| =i(c0) =4.54, Ky =1i(0") —i(0) =5/6A4
T=Re,C, c=1F, R = %Q = 7 = 1.5 seconds. Here R, is the equiv-

alent resistance that appears across capacitor, that is, the parallel combination
of 6 and 2 Ohms.
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_ o Solutions
First Order Circuits

Problems — In class

Problem 4: In the following circuit, the switch is operated at t=0. Determine
the voltage v,(t) for all times.

12 Q

_\/\/\/\_

4Q 4H 1Q

\'
13 / 666 \ . 4
+ Vv, (t) =
o0 |
24V 6Q SW1 2Q

ir(07) =i (07) =54

Vo(00) = 24V

To find out i(0+), we use KCL to find v, considering the bottom node as
eround: (equation of the circuit at ¢t = 07)

U1 — 24 m (5] 8 20

1 +E+1—2—|—§:0, :)>’01:§V
52
vo(0+)—24—f01—€V

vo(t) = K1 + Koe 87, K; = v,(00) = 24V, Ko = 1,(0") — v,(00) =
_2_3?1/
le , L=4H, R.;=2Q= 17 =2seconds. Here R, is the equivalent

resistance that appears across inductor, that is, the parallel combination of 12,
6 and 4 Ohms.

T =
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_ o Solutions
First Order Circuits

Problems — In class

Problem 5: In the following circuit, the switch is operated at t=0. Determine
the voltage v,(t) for all times.

10 24V
()
VWA ? —+ —+
W, 0
- 20,
4 Q) % v =
3A (D o y 2F 7 0,0
& ) S—
Analysis at t =0~ Analysis at t = 0T
- Capacitor is open circuit. - 0,(07) = v,(07) = 60V

-y =4 x3=12V.
- 0o(07) =2v4 + 24+ v4 =60V

Analysis at t = o0

- Capacitor is open circuit.
- v4 = 0 (no current).
- vo(00) = 24V

Circuit Time Constant 7

- Find R., = Ry, Since we have dependent voltage source, use V4, /Isc to find
equivalent resistance across capacitor terminals

- Vi =24V, Isc =4A = Req =61

-T=CReg=12 s

Solution Formulation
Vo(t) = K14+ Koe V7, K; = Vo(00) =24V, Ko =v,(0") —v,(00) = 36V

v, (t) = 24 + 36e~1/12 (Volts)
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