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Problem 1

Evaluate the following expressions involving the Dirac delta function. Carefully justify each result.

1 [?_5(t—3)dt
2. [t —4)(t —4)dt
3. 562t —6)dt
4. 2,682 — 1) dt
Solution:
1. f 3) dt = 0 since 3 is outside integration limits.

2. f1 (t—4) §t—4)dt:(4—4):0.
3. Using scaling property: §(2¢ — 5(t —-3),s

[[rmnatfCava

4. 6(t* —=1) =68((t — 1)(t + 1)). The roots are t = +1. Using property:
a(t

=2 9
For t; =1, ¢’(1) = 2; for t5 = —1, ¢’(—1) = —2. Both within [—2, 2], so

11
S -1Ndt==-+-=1
/ 2 T3

Problem 2
Consider the discrete-time signal z[n] =1—> 722 ;d[n — 1 — k.

Determine the values of the integers M and ng such that x[n] may be expressed in the form
z[n] = u[Mn — ng).

Solution: Given z[n] =1—>.",8[n—1—k|.

The summation represents impulses at n =4,5,6, ..., so:
1 3
zn)=<¢" "= = u[3 — n]
0, n>4

Comparing with u[Mn — ng), we get M = —1, ng = —3.

| M=-1, no=-3|




Problem 3
Determine whether or not each of the following signals is periodic. If the signal is periodic,
determine its fundamental period.

1. z[n] = (—1)" cos(%22)

2. z[n] = 2cos(Zn) + sin(En) — 2cos(5n + %)
3. z(t) = sin?(4t)

4. z[n] = cos(5n) cos(Fn)

Solution:

1. z[n] = (=1)"cos(27n /7). (—1)™ has period 2, cos(2mn/7) has period 7. LCM is 14.

2. Periods: cos(mn/4) period Ny = 8, sin(mn/8) period Ny = 16, cos(mn/2 + 7w/6) period N3 = 4.
Fundamental period is LCM(8,16,4)=16.

3. z(t) = sin®(4t) = 3(1 — cos(8t)). Period of cos(8t) is m /4.
4. Periods: cos(mn/2) period 4, cos(mn/4) period 8. LCM is 8.

’ (1) Periodic, Ng = 14, (2) Periodic, Ng = 16, (3) Periodic, Tp = w/4, (4) Periodic, Ny = 8

Problem 4

Consider a signal z(t) having finite energy E. Answer the following:

(a) Prove that the signal x(at) has finite energy where Va € R and a # 0.

B
lal’
(b) Now consider the signal x(t — b), where Vb € R. What will be its energy in terms of E?

(c) Calculate the energy of the signal y(—7t +9), given that y(¢) has finite energy 5. In
doing so, you may directly use the results from parts (i) and (ii).

2. Consider the power signal x(t) = 3 + %ej%ﬁt. Compute the average power P.,.

Solution:

(a) Energy: E = [ _|x(t)[*dt. For z(at):

Epew = / I (at)2dt

—00

E
new = / |2dT = T
lal |al

(b) Time shift doesn’t change energy: Eg;_p) =

(¢) y(=Tt+9) =y(=7(t—9/7)). From (a): energy scaled by 1/|a| = 1/7. From (b): time shift doesn’t
change energy. So energy = 5/7.

Let 7 = at, dt = dr/|al:

(d) z(t) =3+ %ej?””/‘l. DC component: 3, sinusoid amplitude: 1/2 but one impulse. Average power:

1/1 1 37
_a2, (1) _ 220
p_3+2(2> 94 1="

Problem 5
Determine whether each of the following signals is an energy signal, a power signal, or neither. If
the signal is an energy or power signal, compute its finite energy or average power.
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1. z(t) = e~ Y, where |t| denotes the greatest integer less than or equal to t (i.e., the floor

function).
2. (t) = 8cos(§ — 207t) + 4sin(157t).
3. x(t) = e Ol vVteR.
4. x(t) = e~ 1! cos(wot).
5. z(t) = > 52 e ltHL
Solution:

1. z(t) = et~l*). Periodic with period 1. For power signal:

1 1 2
P = 1/ 2=t g = / e*tdt = e -1

2. Sum of sinusoids: periodic, power signal. Each sinusoid has average power A?/2:

82 42
P=—+4+—=324+8=40
2+2 *

3. z(t) = e 61t Energy signal:

E= /OO e 2itlgr = 2/00 12ty = -
oo 0 6

4. x(t) = e " cos(wot). Energy signal:

oo
E= / e 2 cos? (wot)dt < oo
— 00

5. x(t) = Y200 e I*7FI. Periodic extension, power signal. Power over one period:

1/ oo 2
P = Z eItk ] gt
0o\

(1) Power, P = 622_ L (2) Power, P =40, (3) Energy, E = é (4) Energy, (5) Power
Problem 6
For each signal in Column A, find the signal or signals in Column B that are identical.
Column A Column B
(1) dln+ 1) ufn @) 5 ol
2) (3)"uln] (b) Sult)
(3) 61 (c) dlK
(4) u(t) (a) 2(5)’@6@ K
(5) uln @ [ oy
(6) 60— 1 (f) ufr]
© Y (ol —H
(1) S + 1
() o
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Solution:

1. d[n + 1]u[n] does not match with any

2. (1/2)"u[n] matches with (d): Y _pe,(1/2)k6[n — K]
3. B

4. u(t) matches with (e): fjw 5(r)dr

5. u[n] matches with (a): Y22 4kl =1forn >0
6

. none

[()none, (2)d, (3)b, (4)e, (5)af (6)nome|

Problem 7
Let l’l(t) = sin(t + %Tﬂ—) R .’L‘Q(t) =e ‘t|72j’ 553[77,} =e" In*1|'

Find the total energy and the average power of each of the signals x1(t), x2(t), and z3[n].
Solution:
1. z1(¢t) = sin(t 4+ 3w/4). Periodic, infinite energy. Power:
1 2m
P, = %/0 sin?(t + 3w /4)dt = =
2. z9(t) = e I1=2 = ¢=2e~Itl, Energy:

. oo o0
E, = |e_2]|2/ e 2tdt =1 x 2/ e ?tdt =1
—o0 0

Since finite energy, P; = 0.
3. x3[n] = e~ Energy:

> > 2e2
E- = —2|n—1\:1 —2n _
N S RS E e
n=—oo n=1
Since finite energy, P3 = 0.
e?+1
T1: E=1, P=0; z2: E=00, P=1/2; z3: E= 17P:O
e

Problem 8

Let z1(t) be an energy signal and z2(t) be a power signal. Let

x(t) = x1(t) + z2(t).

Prove that x(t) is a power signal and not an energy signal.

Solution: Let By = [ |z1(t)[?dt < 0o, P> = limr_,0 5 f o [22(t)[dt finite.
For z(t) = 1 (t) + z2(t):

Ex:/|:1:1+:172|2dt2/|x2|2dt721/E1/\z2|2dt%oo

since [ |x2|2dt — oo for power signal.
Average power:

T—oo 2T oo 2T

Thus z(t) is a power signal, not energy 51gnal.

I ) E
P, = hm — \x1+x2| dt = Py + hm ——Pz
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‘x(t) is power signal with power P,, not energy signal.

Problem 9

Prove that for any continuous function f(¢):

/OO F£(t) 6(at — by dt — — (9) a0

la]” \a

Solution: Using scaling and shifting properties of delta function:

5(at — b) = 6(a(t — b/a)) = %'6(75 —b/a)

Then:
1

/Oo F(t)8(at — b)dt = |a1|/_oo F()8(t —bja)dt = — f(b/a)

|al
/Z F(t)6(at — b)dt = ﬁf (2)

— 00

Problem 10

Consider the discrete-time signal defined by a summation of products of unit step functions:

x[n] = Z uln — klu[3 — k + nl,
k=0

where u[n] is the discrete-time unit step function.

1. Express x[n] as a piecewise function (explicit values for each n).

2. Compute Y 2 x[n].

Solution: z[n] = 22:0 uln — klu[3 — k + nl.

un—kl=1forn>k, u3—k+n]=1forn>k—3.

So both conditions: n > max(k,k — 3) = k for k > 0.

Thus z[n] = Zi:o 1 for n > k, but careful: for fixed n, count k such that n > k and n > k — 3 (always
true if n > k).

For n < 0: z[n] = 0 (no k satisfies n > k > 0)

For 0 <n <5: k from 0 to n, so z[n] =n+1

For n > 6: k from 0 to 5, so z[n] = 6

0, n <0
zn]=<¢n+1, 0<n<5
6, n>6
[eS) 5 oo
Z x[n]:Z(n+1)+ZG—>oo
n=-—oo n=0 n=6
0 n <0 5%
zn)=q¢n+1 0<n<5h Z z[n] = o0
6 >6 n=-o0

Page 5



Problem 11
Indicate whether each of the following statements is True or False. Justify your answer briefly.
The Dirac delta function §(¢) is a finite-energy signal.
The unit step function wu(t) is a power signal.
Any finite-duration continuous-time signal is always an energy signal.
A discrete-time signal z[n] = e/™/3 is periodic.
A continuous-time signal z(t) = sin(v/2t) is periodic.
If 2(t) is an energy signal and y(t) is a power signal, x(t) + y(t) is always an energy signal.

For a discrete-time signal z[n], if z[n] is periodic, then its energy is infinite.

® N Ut WD

The product of two unit step functions, u(t — a)u(t — b), is equivalent to a single unit step
u(t — max(a,b)).

Solution:

False: §(t) has undefined energy, not finite

True: u(t) has infinite energy but finite average power 1/2

True: Finite duration and bounded = finite energy

True: x[n] = ¢/™/3 has period 6

False: sin(v/2t) has irrational period ratio

False: From Problem 8, sum is power signal

True: Periodic signals have infinite energy (unless identically zero)

False: u(t — a)u(t — b) = u(t — max(a,b)) if a # b

2 N 2 & = P

()F, T, 3T, AT, (5)F (6)F ()T, (8) T

Problem 12

Consider the continuous-time sign function defined as:

-1, t<0
sgn(t) =< 0, t=0
1, t>0

1. Express sgn(t) in terms of the unit step function u(¢) and finds its derivative.

2. Sketch both sgn(t) and its derivative.

Solution: Signum function: sgn(t) = 2u(t) — 1.
Derivative: < sgn(t) = 26(t).

sgn(t) = 2u(t) — 1, %sgn(t) = 26(t)

‘Graph: sgn(t) steps from -1 to 1 at 0, derivative is impulse at 0

— End of Problem Set —
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