e LUMS EES63 Convex Optimization

A Not-for-Profit University

Assignment 02 Solution
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See Textbook Section 3.1 (Page 74) for the concavity of the geometric mean.
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Problem 5
flz,t) = —logt(t — xTx/t) = —logt — log(t — zTx/t)

The first term is convex and the second term is the composition of a decreasing
convex function and a concave function and is therefore convex.

Problem 6

a-sub-level set of a function is given by

S = 42| Tx+d>0, ((IT.I' - 1))/(('T;1' +d) < o}
= 4z Tz+d>0, aTz+b< a(('TI +d)},

which is convex since it is the intersection of an open halfspace and a closed
halfspace.



To analyze convexity, we form the Hessian:
V2if(z) = —(Fz+d)2(act +ca®) + (aTz + b) (T z +d) el

First assume that a and ¢ are not colinear. In this case, we can find = with ¢’z +d = 1 (so,
x € dom f) with a’x + b taking any desired value. By taking it as a large and negative, we see
that the Hessian is not positive semidefinite, so f is not convex.

So for f to be convex, we must have a and ¢ colinear. If ¢ is zero, then f is affine (hence convex).
Assume now that ¢ is nonzero, and that a = ac for some o € R. In this case, f reduces to

ac'r+b L b—ad
=—=a+ —,
clr+d cle+d
which is convex if and only if b > ad.

So a linear fractional function is convex only in some very special cases: it is affine, or a constant
plus a nonnegative constant times the inverse of ¢! x + d.

Problem 7

For f(x) = log(z:?:1 e”"), we first determine the values of y for which the
maximum over z of y' # — f(z) is attained. By setting the gradient with respect to
x equal to zero, we obtain the condition

T

€

Yi = ="

v =1 sl
i=1°€

These equations are solvable for z if and only if y > 0 and 17y = 1. By substituting
the expression for y; into y” — f (z) we obtain f*(y) = E?:l yi log y;. This expression
for f* is still correct if some components of y are zero, as long as y > 0 and 17y = 1,
and we interpret 0log0 as 0.

In fact the domain of f* is exactly given by 17y = 1, ¥ > 0. To show this, suppose
that a component of y is negative, say, yx < 0. Then we can show that y” z — f(z) is
unbounded above by choosing z;, = —t, and z; = 0, 7 # k, and letting ¢ go to infinity.

If y > 0 but 17y # 1, we choose z = 1, so that
yTa: — f(z) = tlTy —t —logn.

If 17y > 1, this grows unboundedly as t — oc; if 17y < 1, it grows unboundedly as
& — —00;

In summary,

)= Z:;l yilogy; ify>=0and 1Ty=1
00 otherwise.

In other words, the conjugate of the log-sum-exp function is the negative entropy
function, restricted to the probability simplex.



Problem 8

1

a) I' function is log-convex since u*~ "e™ " is log-convex in x for each u > 0.

b)

We prove that
h(X) =log f(X) =logdet X — logtr X

is concave. Consider the restriction on a line X = Z + tV with Z = 0, and use the
eigenvalue decomposition Z~'/2VZ~1/2 = QAQT = Doy \igiq; :

h(Z+tV) = logdet(Z +tV)—logtr(Z +tV)
= logdet Z —logdet(I +tZ Y*VZ %) —logtr Z(I +tZ~"*vVZ'?)
= logdetZ—Zlog(l +tA\;) —logZ(q?Zqi)(l+t,\i))

i=1 i=1

= logdet Z+» log(q! Zg:) — > _log((al Zg:)(1+tAy))

i=1 i=1

—log Z((qf‘rzqa)(l + tAi)),
i=1

which is a constant, plus the function Z log y; — log Z Yi
i—1 =1
evaluated at y; = (q] Zq:)(1 +t\;).

This is concave since product over sum is log-concave.

log(e® /(14 €")) = x — log(1 + €").

The first term is linear, hence concave. Since the function log(1 + €*) is convex (it
is the log-sum-exp function, evaluated at 21 = 0, 22 = z), the second term above is
concave. Thus, e” /(1 + €”) is log-concave.



Problem 9

a) Consider the ray, excluding 0, generated by =z, i.e., sz for s > 0. The intersection
of this ray and C is either empty (meaning, the ray doesn’t intersect '), a finite
interval, or another ray (meaning, the ray enters C' and stays in C).

In the first case, the set {t > 0 | t~'z € C} is empty, so the infimum is co. This
means M¢c(z) = oo. This case is illustrated in the figure below, on the left.

In the third case, the set {s > 0 | sz € C'} has the form [a, o0) or (a, o), so the set
{t > 0|t 'z € C} has the form (0,1/a] or (0,1/a). In this case we have Mc(z) = 0.
That is illustrated in the figure below to the right.

o

In the second case, the set {s > 0 | sz € C} is a bounded , interval with endpoints
a < b, so we have Mc(z) = 1/b. That is shown below. In this example, the optimal
scale factor is around s* = 3/4, so M¢(z) = 4/3.

In any case, if z =0 € C then M(0) = 0.

b) Ifa >0, then
Mc(az) = inf{t>0|t 'az € C}

= ainf{t/a>0|t 'az € C}
= aMc(z).

If a =0, then

Mc(azx) = Mc(0) = { go 8;5



d)

e)

dom M¢ = {z | z/t € C for some t > 0}. This is also known as the conic hull of C,
except that 0 € dom M only if 0 € C.

We have already seen that dom M is a convex set. Suppose z,y € dom M, and
let @ € [0,1]. Consider any t.,t, > 0 for which z/t. € C, y/t, € C. (There exists
at least one such pair, because r, y € dom M¢.) It follows from convexity of C' that

bz + (1 -0y _ Ot:(z/t:) + (1 — O)t,(y/ty)

0 + (1-0)t,) ot, + (1—0)t, cC

and therefore
Mc(6z + (1 —0)y) < 6t + (1 —0)t,.

This is true for any t.,t, > 0 that satisfy z/t, € C, y/t, € C. Therefore

Me(fzx+(1—-0)y) < Oinf{t. >0|z/t. € C}+ (1—80)inf{t, >0|y/t, € C}
= OMc(z)+ (1 —-0)Mc(y).

Here is an alternative snappy, modern style proof:

e The indicator function of C, 1.e., I, is convex.

e The perspective function, tI-(z/t) is convex in (x,t). But this is the same as
Ic(z/t), so Ic(x/t) is convex in (z,1).

e The function t + I'c(z/t) is convex in (z,t).

e Now let’s minimize over t, to obtain inf¢(t+ Ic(z/t)) = Mc(z), which is convex
by the minimization rule.

[t is the norm with unit ball C.
(a) Since by assumption, 0 € int C', M (z) > 0 for  # 0. By definition M (0) = 0.
(b) Homogeneity: for A > 0,

Mc(Ax) = inf{t>0](tA) 'z € C}
= Ainflu>0|u "'z € C}
= AMc(z).

By symmetry of C, we also have M¢c(—z) = —Mc(x).
(c) Triangle inequality. By convexity (part d), and homogeneity,

Me(z +y) = 2Mc((1/2)z + (1/2)y) < Mc(z) + Mc(y).



