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Second-Order Cone Programming (SOCP)

Second-order Cone Constraint:

Formulation: Let’s look at the inequality constraint:

minimize fra +e |Az + b2 < Tz +d A € Rkxn

subject to | Az + bs|2 < c?:c +d; i=1,2,....m This can be interpreted as if the vector

Gxr=h Az + b c R"C‘l—l
T
ctx+d
Here:
lies in a second-order (Quadratic, Lorentz) cone.
mn
€ R In some texts, the constraint may also be expressed as:
A; e RF*n pec RN (Ax + b, ¢tz +d) =g 0 :

G e RP*", heRP

Recall:

k=2

Ty | <= lzfl2 <t
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Second-Order Cone Programming (SOCP)

QCQP - a special case of SOCP

SOCP:

minimize ¢ & +71

subject to | Az + b;|2 SC?CB-Fdh 1 =1,2,...
Gxr=h
Let’s look at the inequality constraint:
|Az + blls < 'z +d A € Rkxn

When c=0, the constraint becomes

| Az + bll2 < d Obviously d > 0

This is a quadratic constraint; squaring it converts it into
Quadratic constraint. SOCP becomes QCQP.
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QCQP:

minimize

variable x
s’ Pr+qla+r
subject to LaTPa + gf'a +r; <0,

Gx =h

1=1,2,....m

Using epigraph reformulation:

... variable x, ¢
minimize ¢

subject to 3@ P+ ¢tz +r<c

%xTPz-x +qlx+r; <0,
Gx =h

i=1,2,...,m




Second-Order Cone Programming (SOCP)

QCQP - a special case of SOCP

In QCQP reformulation, we have constraints: Q: How can we represent Quadratic constraint as second-
order constraint?

1,.T T
sz Pr+qg'x+r<c
2 . l:vTPx+qTa:—|—fr§O

22TPr+qlz+r<0 2T Pz £ 9T £ 2r <0

Q: Are they equivalent? > TBTB:L‘ + 2q T 4+2r <0 W L

%xTPac et —e<0 Or equwalently can berepresented as second-order/constraint
By defining #|[ q:c+’r é__q x_?ﬂL 2

fﬁ =[] P 1 3L L aqlam (& -1
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Example: Robust Linear Program

Linear Program:

minimize efax

subject to alx <b;, i=1,2,...,m
Gz =h -, ol
G = o
Problem Under Consideration: Uncertainty in the constraints
We have uncertainty in a;. ?7
e Deterministic Model: &&

a; € g; = {a; + Au|||ulls < 1} (Already studied)
= = = /

e Probabilistic Model:
a; 1s independent Gaussian with mean a.and covariance ;.
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Example: Robust Linear Program

e Probabilistic Model:
a; is independent Gaussian with mean a; and covariance ;.

Required: each constraint must hold with probability at-least n, that is

Plalfz <b)>n, i=1,2,...,m.

Q: How can we incorporate this probabilistic constraint in the formulation of optimization problem?

A: This can be formulated as a second-order constraint.
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Example: Robust Linear Program
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Pamx <b)= Py <b)
P(y-£lz] < "“fﬁl)

*tj,: 6(',1—%
ELy)= Elem]= @0< 17
* \Io\&,(j); vm,(a;Tx)-_-_ xTZ',-LX_
A= VW“—(H)
Va
b= “ Z‘L x/{g.
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Example: Robust Linear Program

L AT >/ CP’ICVO P(@?xé£i> >/VL
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Feedback: Questions or Comments?

Email: zubair.khalid@lums.edu.pk

Slides available at: https://www.zubairkhalid.org/ee563 2020.html
(Let me know should you need latex source)
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