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Concept of Duality

* Formalizes the concept of Lagrange multipliers

» Optimization Problems has two perspectives:
* Original (Primal) Problem
e Dual Problem

* The dual problem is always convex even when the primal problem is not

* The solution to the dual problem serves as a lower bound to the solution of
the primal problem

* Duality Gap: the difference between the two solutions

e Duality gap is zero when the primal problem is convex and satisfy a constraint
gualification
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Lagrangian

Optimization problem (Primal or Original Problem)

minimize [fo(Z)
subject to fi(z) <0, i=1,2,...,m ;
. Does not nee
hj(a:):O, J=12,...,p (tobeconvex )
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Lagrangian

Liw, A ) = fo(@) + D Aifilw) + D ihy ()

Interpretation and Notes:

e Lagrangian function appends the objective function and inorporates the
constraint function as a weighted sum

e Domain of Lagrangian function: D x R™ x RP

e Lagrangian is an affine function of A and pu

f(z) = [fi(z), f2(2), - . . s fm ()]
L(z, X\, 1) = fo(z) + A" f(2) + p" h()

W) = ha(2), ha(z), ... Iy ()]
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Lagrange Dual Function

g(Aaﬂ) ::ggijL(:C, )‘7”)

g\ p) = inf fo(x)+ Y Nifi(x) + ) uih(w)
i=1 J=1 D/domam 07{ FNW,J P/Lob/em

Interpretation and Notes:

g(A, ) = —oo if L(x, A\, p) is unbounded below

g(A, p) is a concave function of (A, u)

How?

Since it is a pointwise infimum of affine functions
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Lagrange Dual Function
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Lagrange Dual Function
g(A p) = inf L(z, A p) < L, A, /“)
;Z’_ (FCJ_C;BIL)

L(:E,)\,u)Zfo(:%)JrZ)wfi(fﬁ)JrZMjhj(f) < Jto (i)
‘7,
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Example:

Linear Program:

winnmizeé T2
SMLJ&(A’ T A'L:— b
x 770

L ), W)= ¢ — Nk + KT (Ac—b)
= pb + (c- A + AT_}&)-';(

J }LTB c-X+ ATk =0

— O O ﬂ CrLwisg

g p) = inf Lz, A p) =

i
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Summary

Primal Optimization problem

minimize f,(@)
subject to fi(z) <0, i=1,2,...,m
hi(x) =0, ,7=1,2,...,p
affine in (A, )

Lagrangian: [,(x, \, ;1) = f,(x) + Z Nifi(x) + Z pihj(x)
i=1 j=1

Lagrange Dual Function: concave 1n ()\a ﬂ)

g\ p) = il fo(w) + D Nifi(x) + Y njh(w)
i=1 j=1

Lower bound on the optimal value of the primal problem:

g, p) <p*, A=0

Q: What is the best lower bound?
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Feedback: Questions or Comments?

Email: zubair.khalid@lums.edu.pk

Slides available at: https://www.zubairkhalid.org/ee563 2020.html
(Let me know should you need latex source)
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