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Recap

Primal Optimization problem

Lagrange Dual Problem:

minimize f, (%) maximize g(A\, )

subject to fi(z) <0, i=1,2,....,m
hj(x)=0, j=1,2,...,p

subject to A = 0

Best Lower bound on the optimal value of the primal problem:

g\, 1) =d" <p”

DualityGap: p" — d”

e Weak Duality, d* < p*

e Strong Duality, p* = d*

e Slater’s condition establishes for strong duality
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Optimality Conditions

Lagrange Dual Problem:

Primal Optimization problem (Does not need)

minimize fo (.7}) to be convex maximize g()\, /'L)

subject to fi(z) <0, i=1,2,....,m
hj(z)=0, ,j=12,...,p

subject to A = 0

e Optimal value D d*
e Optimal points T (A*, u*)

Q: What are the optimality conditions that are required to be satisfied by
primal and dual optimal points?

A: Karush-Kuhn-Tucker Conditions or Theorem (Saddle-point theorem)

These conditions provide a uinfied framework for optimization problems.
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Karush-Kuhn-Tucker Optimality Conditions

Assumptions: e fi, fo,..., fi, and hq, ho, ..

., hy, are differentiable

e Optimal points: z* and (A\*, u*)

e Strong duality holds (Duality gap is zero)

KKT Conditions:

Condition 1: Primal Feasibility

hj(LB*):O, ,j=1,2,...,p

Condition 2: Dual Feasibility

=0 — Ar>0, i=12,...
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Karush-Kuhn-Tucker Optimality Conditions

Condition 3: Complementary Slackness

Nofi(x*) =0, i=1,2,...,m How?

For o, N, r*% ;
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Karush-Kuhn-Tucker Optimality Conditions

Condition 4: Stationarity

Lz, X*, p*) = folx) + > Affil@) + ) pihy(x)
i=1 j=1

3 We  Kkwow  Ahal AT snimimizes Laj}.—wimv\
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)

VL(x*, N, 1) = V fo(a +Z>\*Vf7, +ZuJVh
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Karush-Kuhn-Tucker Optimality Conditions

Primal Feasibility

Dual Feasibility

Complementary Slackness

Stationarity

Assumptions:

A filz¥) =0, i=1,2,...

VL(&* N, 1*) = Vfo(a

e Optimal points: z* and (A*, u*)

) + Z NV fi(z

e Strong duality holds (Duality gap is zero)
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Karush-Kuhn-Tucker Optimality Conditions

e No convexity assumption

e Strong duality holds (Duality gap is zero)

i% Optimal points: z* and (A\*, u*) satisfy KKT conditions

Non-convex Problems - Necessary Condition

7

Primal optimal z* and dual optimal (A*, u*) points satisfy KKT conditions
if the duality gap is zero.

.
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Karush-Kuhn-Tucker Optimality Conditions

Convex Problems — Sufficient Condition

e Assume: Convex optimization problem

i% If # and (X, 1) are any points that satisfy KKT conditions

then x is primal optimal and (5\, fi) are dual optimal with zero duality
gap

,
Any points T and dual optimal (A, i) that satisfy KKT conditions are primal
and dual optimal (solutions) with zero duality gap.

.

Summary:

KKT conditions are
- always sufficient
- necessary when strong duality holds
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Example: _,inimize 227 + 22—1—‘122'
SuL{JecJ g 7,8 —f—l? - ’é
2% _,z} +3Z =12

Primal Feasibility ECV"A“’}] COY\S','MM{S hel 4 Dual Feasibility - X, No >\

Stationarity G,Mdie—“’} c,/f’ sz”J,an IS 2 e
LGy, ) = 20t a2 (X4 22 4 ofox2g030)

Complementary Slackness X

V L B l’?‘-— /'(I—Z-Vl —O X 5—\/6\)&//0\5(
(1\,, 2 T ?—Z’ 2/'(/ 2/12.. T . 5 G?uo\—/—)or)_s
X +24 =% =6
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Example:

™Minmize 2K+ Ay
2
XGK 2 2 2
K+ Ao <9 Ly X, -5 0
’Xl $7(L ’X—{"XL —
Lagrangian

L(?(,)v(l) >\') >\}>: 2L, + A2 + )\' ( 7L|L—|-7(2,2_-’ T)+>\;_<7L|/7(2_)

Complementary Slackness

>\( (7(,2—-1-712'2'__50:

Primal Feasibility Stationarity

2
7(12—4' Ao Sﬁ

K, — %y, SO

2 t 2—>‘|7(|—\-—>\)_: O

Dual Feasibility

| —"2’12.>\ ——>\le
>\, ZO AL(Xc—XJ_):O |
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Example:

Primal Feasibility

K Ao <9
w0, — %, <O
Dual Feasibility
A =0
M. 2O
Complementary Slackness
>\I (7(,2-+7{2_2——Ci):0
>\L (%, — 1.2.) =0

Stationarity

"'"?-7'2_)\ >\ =0
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Example:

m;nam;z< ,1_2 X TPx + CLTX + A Pe sT
HEK P x
sabjedt & A b e
Lagrangian - (A—ﬂ-« b) le
L) p) = Sl yerss
Primal Feasibility Stationarity
A= b Gleop)= Px+q + Apeo
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LAT P Il B »CI/J

e LUMS

A Not-for-Profit Uni




Feedback: Questions or Comments?

Email: zubair.khalid@lums.edu.pk

Slides available at: https://www.zubairkhalid.org/ee563 2020.html
(Let me know should you need latex source)
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