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ABSTRACT

The uncertainty principle is an important and powerful tool,
with many applications in signal processing. This paper presents
two concentration uncertainty principles for signals on the sphere
which relate the localization of the concentration of a signal in spa-
tial and spectral domains, as an analogue of the general Donoho
and Stark uncertainty principles in time-frequency analysis. Using
the spherical and spectral truncation operators, we derive the Li-
norm and Lo-norm uncertainty principles which respectively relate
the signal concentration in spatial and spectral domains as absolute
value and the energy of a signal. We also analyze the sharpness of
the bound imposed by the derived Lo-norm uncertainty principle.
The proposed uncertainty measures can be applied to signal process-
ing problems on the sphere.

Keywords: uncertainty principle, unit sphere, bandlimited signals,
Slepian concentration problem, signal extrapolation.

1. INTRODUCTION

The uncertainty principle, originating from quantum mechanics, is
an important and powerful tool in signal processing [1]. In time-
frequency analysis, the classical (Heisenberg) uncertainty principle
states that a function and its Fourier transform cannot be simulta-
neously well localized, i.e. they cannot be largely concentrated on
intervals of small measure. A more general notion of uncertainty,
herein referred to as concentration uncertainty principle, was pro-
vided by Donoho and Stark that a function and its Fourier transform
cannot be largely concentrated on any set of small measure [2]. The
authors in [2] defined two criteria for measuring concentrations as
the absolute value of the signal (L;-norm) and as the signal energy
(L2-norm). The uncertainty principle has many important applica-
tions in time-frequency analysis. The classical uncertainty princi-
ple provided the motivation for the famous Slepian’s time-frequency
concentration problem of optimally concentrating a signal in both
spatial and spectral domains [3]. The concentration uncertainty prin-
ciples have also been extensively applied in the problems of signal
reconstruction and recovery [2], signal extrapolation [4] and com-
pressive sampling [5].

Extending the uncertainty principle for signals defined on the
unit sphere is an important problem in unit sphere signal process-
ing. Signals defined on the unit sphere involve spherical harmonics
as basis functions and have many applications in various branches of
physical sciences and engineering [6,7]. The fundamental problem
under consideration here is to derive the concentration uncertainty
principle that relates the simultaneous concentration of a signal in
the spatial and spectral domains. The classical uncertainty principle
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is formulated for signals on the sphere in [8,9] and has been applied
in geodesy and geophysics to study the localization properties of
wavelets and signals on the sphere [9-11]. The Slepian’s concentra-
tion problem on the sphere has been investigated in [7,10,12] and the
resulting eigenfunctions are analyzed using the classical uncertainty
principle on the sphere that relates the variances of the signal in spa-
tial and spectral domains. To the best of the authors’ knowledge, the
concentration uncertainty principles for signals on the sphere have
not been formulated in the literature. Conceptually, the closed ge-
ometry of the sphere makes this task a non-trivial extension from the
time-frequency case. For example, the sphere has a finite support in
the spatial domain and is periodic in both co-latitude and longitude,
which causes the spectral representation using spherical harmonic
basis functions to be discrete. In addition, the intervals in the time
domain correspond to the regions on the sphere which can vary in
shape and may not necessarily be connected.

In this work, we derive two concentration uncertainty principles
for signals on the sphere as an analog of the Donoho and Stark un-
certainty principles in the time-frequency analysis. We formulate the
selection operators in both spatial and spectral domains, which trun-
cate a signal in the desired spatial or spectral region. We present the
Li-norm concentration uncertainty principle such that the absolute
value of the signal is considered as concentration measure. Using the
Hilbert-Schmidt norm of the selection operators, we also derive the
Lo-norm concentration uncertainty principle where the concentra-
tion is measured as signal energy in the desired spatial and spectral
regions. Finally, we analyze the sharpness of the proposed L2-norm
uncertainty principle bound by comparing it with the eigenvalue as-
sociated with the most concentrated bandlimited eigenfunction ob-
tained from the Slepian’s concentration problem on the sphere [10].

The rest of the paper is organized as follows. The mathematical
background for the signals on the sphere is provided in Section 2.
The formulation of the selection operators and the derivation and
analysis of the uncertainty principles is presented in Section 3. Fi-
nally, Section 4 concludes the paper. Notations and terms: (-) de-
notes the complex conjugate operation. sup{-} denotes supremum
of aset, |( - )| denotes the magnitude and ||( - )||, denotes the L,

norm of the signal or operator which is define later in Section 2.

2. MATHEMATICAL BACKGROUND

2.1. Signals on the Unit Sphere

We consider a function f (6, ¢) defined on the unit sphere S* £ {r €
R? : ||r|| = 1}, ie. if r € S? then r is a unit vector, § € [0, 7]
denotes the co-latitude measured with respect to the positive z—axis
(0 = 0 corresponds to the north pole), and ¢ € [0, 27) denotes the
longitude and is measured with respect to the positive x—axis in the
x — y plane. The inner product of two functions f, g € L*(S?) is
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defined as
(f.9) = / f(2)9(Q) d2 (1
Sz

where Q = {0, ¢} parameterizes a point on the unit sphere and
d2 = sin 0 df d¢. The finite energy functions on the sphere such
that || f|| 2 (f, f)'/? < oo are referred to as “signals on the unit
sphere”. All such finite energy signals under inner product (1) form
a complex Hilbert space L*(S?). In the following any reference to
a signal is understood to be the same as “signal on the unit sphere”,
unless otherwise stated.
For a signal f(2), its L,-norm is defined as [13]

I = ([ Lr@p ag)”” @

2.2. Spherical Harmonics

The spherical harmonics, Y;™(0, ¢), for degree £ > 0 and order
|m| < £ are defined as [14]

2£ + 1 (Z - m)' m imeo
In (1t m) P;"(cosB)e (3)

Y (0,¢) =

where P;™ are the associated Legendre polynomials defined for m >
0 as

_1\m +m
P = L eyt @
m m(=m)!
P (z) = (1) mpz () (5

for || < 1. With the above definitions, spherical harmonic func-
tions form an orthonormal set of basis signals for L?(S?), i.e., they
satisfy (Y™, Y[,"/> = 00/ Opm’» Where d45 denotes the Kronecker
delta and is equal to 1 for a = b and zero otherwise. By complete-
ness [15], any signal f € L*(S?) can be expanded as

o 4
FO.0)=>" > f"V"(6,9) 6)

=0 m=—1L

where equality is understood in terms of convergence in the mean,
and

e gy = [ fe.ovre s o

are the spherical harmonic coefficients. In this work, we refer to the
spherical harmonics domain, which consists of spherical harmonics
coefficients of signal, as the spectral domain of a signal.

The Dirac delta function §(€2,)’) on the sphere has following
expansion in spherical harmonics domain [7]

5(9,Q) =>" > YY) 8)

=0 m=—1¢

and obeys the following property

@) = [ 8(Q,Q)f()de ©)
§2
We will also use the spherical harmonics addition theorem [15]
Z S —
> Y@ Y(Q) =
m=—~{
with Q = {0,¢}, Q' = {0',¢'} and cos A = cosfcosf +
sin 0 sin 0’ cos(¢ — ¢').

20+ 1
4

P (cos A) (10)
7y
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2.3. Operator Definition using Fredholm Integral Equation

Define an operator .#  for signals on the sphere using general Fred-
holm integral equation [16]

@) = [ K@@ an

where K (€2, Q') is the kernel for an operator .. Since it is impor-
tant in the sequel, we define the L,-norm of an operator .%" as

H
1A = sup ISl (12)
fe

sz I flle

Also, the Hilbert-Schmidt norm of an operator .#  with kernel
K(,9Q) is given by [2]

1/2
|\%||H:(/ / |K(Q,Q’)|2deQ’) (13)
S2 52

which is a bound on ||.7||2.

3. CONCENTRATION UNCERTAINTY PRINCIPLE

In this section, we formulate the concentration uncertainty principles
for signals on the sphere such that the concentration is measured us-
ing the Li-norm and Lz-norm of a signal respectively. More pre-
cisely, if the signal f(€2) on the sphere is concentrated on some spa-
tial region R C S? and also concentrated on some spectral region
N = [Nl7 Ng] which denotes the spherical harmonic coefficients
fo"t with Ny < ¢ < Ny and —¢ < m < ¢, we develop the principles
which relate the concentration measures and concentration regions
in both spatial and spectral domains. Note that the region R does not
need to be connected, whereas for the sake of simplicity, we consider
the connected region N in spherical harmonics domain but this can
also be generalized for non-connected regions. We first define the
selection operators in both spatial and spectral domains which select
the part of a signal in a selected spatial or spectral region [17]. Then
we state and prove the uncertainty principles.

3.1. Selection Operators on the Sphere

Definition 1 (Spatial Selection Operator). Define the spatial selec-
tion operator .2z which selects the function in a region R with ker-
nel Kr(, Q') as

Kr(Q,Q) 2 Ir(Q)6(02,Q) (14)

where Tr(Q) = 1forQ € R C S and Ir(Q) = 0 for Q € S*/R
is an indicator function of the region R.

Definition 2 (Spectral Selection Operator). Define the spectral se-
lection operator ¥ with N = [N1, N2|, which selects the contri-
bution of spherical harmonics in spectral region N in a signal and
has the kernel Kn as

No 4
Kn(@,0) 2 Y > v"(Q) Y (@) (15)

=Ny m=—¢

We note that both the spatial and spectral selection operators are
idempotent and self-adjoint in nature. That is they are projection
operators.



3.2. The Li-norm Uncertainty Principle

We first present the L1-norm uncertainty principle which relates the
concentration of signal in spatial and spectral domains to the mea-
sure of spatial and spectral regions, where the concentration is de-
termined using the L;-norm of a signal. We say that f is er con-
centrated in the spatial domain and en concentrated in the spectral
domain if || f — & f|[1 < erand||f - f|1 < en respectively.

Theorem 1 (L;-norm Uncertainty Principle). If the unit L;-norm
signal f is ep concentrated in the region R C S? and ex concen-

trated in the spectral region N = [N1, N2], then
A 2 2 1l—€er—en
(N +1)? =N ) > 16
47T(( 2 1) v) = 14+ en (16)
where A = [, Tr(Q)dS2 denotes the area of the region R.
Proof. Since, the signal f is unit-norm, we have
I = [ 1f@pdn =1 an

and using the given [|f — #&f|1 < erand [[f — Fnfl1 < en
and the fact that || f — & f|l1 > || fll1 — |#&f||1, we obtain

|Arflli +er>1, || Anf|l+env >1

Define a composite operator Zrn = #r#n. From (17) and (18),
we obtain the Lq-norm of this composite operator as

| #rn > | #rn fllr >

(18)

(19)

1 —€r —e€n

Since, the operator % is idempotent, using the spherical harmonic
expansion of f, we can write

Y Y [ @vE@es e e

=Ny m=—¢

(N f)(Q

(20)

Using the spherical harmonics addition theorem in (10), we can ob-

tain from (20) that
JRES!
S2

Land [| (v f)loe = macx | (v £)(2)

No

>

and we have sup || PY (A)||1 =
for Q € S?, which implies

[(n f) (2

20+1
T (21)

1
I Dlle < 1= (e + 17 = M)l NI @2)
™
For the composite operator #r N, we have
A%~ flly =/ |(AN F)(E)]dL < [ AN flle A (23)
R

where A is the area of the region R. Using (23) and (22), we obtain

A
i (@212 = NE)
Combining (17), (18) and (19) with (24) gives the stated result.

=N flln <

(24)
O

Remark 1. The factor - ((N2 F1)? - N%) on the left hand side

of (16) can be defined as a generalized space-bandwidth product,
with the term A/47 being a measure of spatial region R and the
term (Na + 1) — N{ being a measure of spectral region N =
[N1, N2]. For N1 = 0, this space-bandwidth product is referred to
as an equivalent of the Shannon number in [7, 10] for signals defined
on the sphere.
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3.3. The L2-norm Uncertainty Principle

Next, we present the uncertainty principle such that the concentra-
tion is measured using L2-norm, which is a measure of energy of the
signal and makes this principle more appealing and practical.

Theorem 2 (L2-norm Uncertainty Principle). If the unit L2-norm
signal f is e concentrated in the region R C S? such that || f —
Hrfll2 < er and en concentrated in the spectral region N =
[N1,N2} such that ||f — %Nf”Q < en, then

ﬁ (Ve +1)? = N7) > (1= er—en)’ 25)
where A = [L, Tr(€2)dS2 denotes the area of the region R.
Proof. By definition, |[f[l2 = 1, |f — #&rf|l2 < er and || f —
Jn fll2 < en, which implies

[ fll2 21 —€r, [[Anflla=1—en (26)

Define a composite operator #yr = #n#£r composed of spatial
selection operation % followed by spectral selection .#x. By sub-
stituting (14) and (15) in (11) and using the representation of Dirac
delta in (8), we obtain the kernel K (€2, Q') as

KNR(Q,Q’):/ Sn (2, Q") Sr(Q,Q)dO
§2

=3 S YO Y (@) Ia()

L=N1 m=—4L

@7

The Hilbert Schmidt norm of the composite operator .y r can be
obtained using (13) along with the spherical harmonics addition the-
orem in (10) and the fact that P{(1) = 1 as

1/2
dQ)
R
1/2
Nf)) (28)

Now, the effect of the composite operator on the concentration can
be readily obtained from (26) as

N2

>

=N,

20+1

| ANkl = ( in

A :
:<M«M+U_

|[ZNR fll2>1—€er—en (29)

Using definition of the norm of operator in (12), || Znr]|2
|’Zn & fl|2 and the fact that || Znr||z > || #~r||2 and combined
with (28) and (29) gives the result in (25). O

Remark 2. We can infer from the proof of Theorem 2 that the com-
posite operator #rn = #r AN is an adjoint of the operator #n r
which implies that the Hilbert-Schmidt norm of these two composite
operators is equal and given by (28).

3.4. Sharpness of the Uncertainty Principle Bound

We provide an analysis of the bound imposed by the L2-norm un-
certainty principle on the simultaneous spatial and spectral signal
concentration, which is a measure of signal energy. We compare this
bound with the largest eigenvalue obtained from the Slepian concen-
tration problem for azimuthally symmetric signals on the sphere pro-
posed in [7,10,12]. First, we consider the spatial polar cap regions R
characterized by central angle © witharea A = [ foe sin 0dfd¢p =
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Fig. 1. Comparison of the uncertainty bound A\g = (N2 + 1)2(1 —
cos ©)/2 obtained from (25) and the largest eigenvalue A, associ-
ated with the most concentrated bandlimited eigenfunction obtained
from Slepian’s concentration problem on the sphere [10]. Results
are shown as a function of the area A of spatial polar cap regions
with the consideration of different spectral regions N = [0, N] for
N = 10 and N2 = 20.

27(1 — cos©) and the spectral regions N = [0, N2]. We use
Ac(O, N2) to denote the largest eigenvalue obtained numerically by
solving the concentration problem on the sphere [10,12], which finds
the bandlimited signal of maximum spectral degree N with maxi-
mum energy concentration in the polar cap region of angle ©. We
obtain the simplified form of the product on the left hand side in (25)
for spatial and spectral regions under consideration as Ao (©, N2) =
(N2 + 1)2(1 — cos ©)/2, which serves as an uncertainty bound.
Fig 1 shows the comparison of \.(©, N2) and A\o(©, N2) against
O for N = 10 and N2 = 20, which indicates that \g serves as a
sharp bound for the spatial polar cap region R and it gets tighter for
smaller values of Ag.

In the preceding analysis, we considered the connected polar
cap region of central angle ©. Next, we consider a region of two
non-connected polar caps centered at opposite poles (¢ = 0 and
6 = 7) with the central angle of each polar cap being cos™*(1 +
cos ©)/2. It can be easily shown that the region of two polar caps
have the same area A = 27(1 — cos ©), thus it does not effect the
uncertainty bound and it still holds but the tightness of the bound is
comparatively reduced as illustrated by the ‘non-connected region’
curve in Fig 1. Summarizing our analysis, the bound or the limit
imposed by concentration uncertainty principle is more sharper and
tighter for connected regions and smaller values of space-bandwidth
product respectively.

4. CONCLUSIONS AND FUTURE WORK

In this work, we have investigated the concentration uncertainty
principles for the signals on the sphere that relate the localization of
concentration of a signal in spatial and spectral domains. Consid-
ering the concentration as absolute value of a signal, the L;-norm
uncertainty principle is derived. We also derived the more practical
Lo-norm uncertainty principle using the Hilbert-Schmidt norm of
the composite selection operator on the sphere. We showed that
the uncertainty principle bound is relatively sharper and tighter for
the connected regions as compared to non-connected regions. The
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proposed uncertainty principles in this paper can be used to revisit
the signal extrapolation problem on the sphere in the presence of
noise [17]. They can also be applied to investigate compressive
sampling on the sphere.
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