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Abstract—For the representation of spin-s band-limited functions on the sphere, we propose a sampling scheme with optimal
number of samples equal to the number of degrees of freedom
of the function in harmonic space. In comparison to the existing
sampling designs, which require ∼2L2 samples for the representation of spin-s functions band-limited at L, the proposed scheme
requires No = L2 − s2 samples for the accurate computation
of the spin-s spherical harmonic transform (s-SHT). For the
proposed sampling scheme, we also develop a method to compute
the s-SHT. We place the samples in our design scheme such that
the matrices involved in the computation of s-SHT are wellconditioned. We also present a multi-pass s-SHT to improve the
accuracy of the transform. We also show the proposed sampling
design exhibits superior geometrical properties compared to
existing equiangular and Gauss-Legendre sampling schemes, and
enables accurate computation of the s-SHT corroborated through
numerical experiments.
Index Terms—sampling, spherical harmonics, spin-s functions,
harmonic analysis, sphere

I. I NTRODUCTION
Spin functions (generally referred to as spin-s functions)
naturally arise in many applications including cosmology [1],
astrophysics [2], fluid dynamics [3], global circulation modeling and models of stress propagation of earth [4], to name a
few. In particular, they play a pivotal role in the statistical
studies of signals on the celestial sphere, such as cosmic
microwave background (CMB) polarization and gravitational
lensing [5]–[7]. In these applications, harmonic analysis is
enabled through the spin-s spherical harmonic transform (sSHT). Consequently, the ability to compute s-SHT of signal
is of significant importance. It is desirable to design such
sampling schemes that should require the minimum possible
number of samples (spatial dimensionality) for the accurate
and efficient computation of the s-SHT of the signal and
have superior geometrical properties [6], [8]–[16]. For accurate
computation of s-SHT of a band-limited spin-s function with
band-limit L (formally defined in Section II-B) and spin s, the
spatial dimensionality, denoted by No , is (L2 − s2 ) — the
number of degrees of freedom in harmonic space.
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Discroll and Healy presented a sampling theorem on the
sphere for an equiangular sampling grid of spatial dimensionality (asymptotically) ∼4L2 for the exact reconstruction of
band-limited scalar (s = 0) functions on the sphere [8]. For
the same equiangular sampling grid, algorithms for the computation of s-SHT and signal reconstruction of band-limited
spin-s functions on the sphere S2 were developed in [11]. A
stable, fast and exact algorithm for equiangular sampling of
spatial dimensionality ∼4L2 for the evaluation of s-SHT of
band-limited spin-s functions with spin (s = ±2) has also been
proposed in [5]. These algorithms although enabling stable
computation of s-SHT, have large pre-computation and storage
requirements. In order to reduce the pre-computation requirements, by exploiting the relationship between the Wigner
d-functions [10], [17] and the spin-s spherical harmonics, an
accurate and exact algorithm to compute s-SHT using ∼4L2
samples is proposed in [7]. To reduce the number of samples,
[9] developed a sampling theorem requiring ∼2L2 samples
for the (theoretically) exact and stable computation of s-SHT.
The well-known Gauss-Legendre quadrature on the sphere
[18] also supports exact computation of s-SHT using ∼2L2
samples on the sphere. Recently, a library (Libsharp) [14], [15]
has been developed for the computation of s-SHT, where they
reduce the number of samples of the Gauss-Legendre grid by
approximately 30% by applying so-called polar optimization
to reduce the number of samples around poles.
To the best of our knowledge, none of the existing sampling
schemes requires fewer than ∼2L2 samples for the accurate
computation of s-SHT, well in excess of the optimal spatial
dimensionality. In this context, we address the following
questions in this work:
•

•

For band-limited spin-s functions, how can we design
a sampling scheme on the sphere with optimal spatial
dimensionality of No = L2 − s2 ?
Does the proposed scheme enable accurate computation
of spin-s spherical harmonic transform and exhibit superior geometric properties (such as mesh norm and mesh
ratio) to existing schemes?

In addressing these questions, we organize the rest of paper
as follows. We review the necessary mathematical background
in Section II. The proposed sampling scheme and associated
s-SHT are presented in section III, where we also present a
method to place samples on the sphere and develop a multipass s-SHT to improve the accuracy of the transform. We
evaluate the numerical accuracy of the proposed transforms
and analyse its geometrical properties in Section IV.
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II. P RELIMINARIES
A. Spin-s Functions on the Sphere
We parameterize a point on the unit sphere S2 , {u ∈
R3 : |u| = 1} as û ≡ û(θ, φ) = (sin θ cos φ, sin θ sin φ, cos θ),
where θ ∈ [0, π] and φ ∈ [0, 2π) are the co-latitude and
longitude respectively. The spin-s functions on the sphere,
denoted by s f ∈ L2 (S2 ) with integer spin s, are defined by
their behaviour under local rotation, that is, the spin-s function
transforms as s f 0 (θ, φ) = e−isγ s f (θ, φ) under a local rotation
γ. s f 0 is the rotated function obtained by rotating s f by γ in
the tangent plane at (θ, φ).
B. Spin-s Spherical Harmonic Transform
The spin-s spherical harmonic functions (or spin weighted
spherical harmonics), denoted by s Y`m for degree `, order
|m| ≤ ` and integer spin |s| ≤ `, are defined as
r
2` + 1 imφ m,−s
m
s
e
d`
(θ),
(1)
s Y` (θ, φ) , (−1)
4π

sphere in total, equal to the number of degrees of freedom
of the spin-s function band-limited at L, it is referred to as
optimal-dimensionality sampling.
B. Spin-s Spherical Harmonic Transform – Formulation
We define the iso-latitude Fourier transform of the signal
f
s (θ, φ) along φ given by
Z

2π
s f (θ, φ)e

Gm (θ) ,
0

= (−1)s 2π

−imφ

dφ
r
L−1
X 2` + 1

`=∆

4π

m,−s
(s f )m
(θ),
` d`

(5)

where ∆ = max(|m|, |s|) and we have employed (1), (2) and
orthogonality of complex exponentials in obtaining the second
equality. Also define a vector of length L − ∆ containing
Gm (θ) evaluated at sample points of the proposed sampling
scheme as

0

where dm,m
(θ) denotes the Wigner-d function [10], [17].
`
Spin-s spherical harmonics form a complete set of basis
for spin-s functions on the sphere and therefore any spin-s
function s f can be expanded as
s f (θ, φ)

=

∞
X

`
X

m
(s f )m
` s Y` (θ, φ),

(2)

`=s m=−`

where (s f )m
` is the spin-s spherical harmonic coefficient of
degree ` and order m and is given by the standard inner
product for functions on the sphere [10]:
Z
m
(s f )m
=
(3)
s f (θ, φ)s Y` (θ, φ) sin θ dθ dφ,
`
S2

s gm

, [Gm (θ∆ ), Gm (θ∆+1 ), . . . , Gm (θL−1 )],

(6)

which can be equivalently expressed using (5) as
s gm

where s Dm ,

m,−s
a0 d∆

(θ∆ )

= (−1)s s Dm s fm .

a1 dm,−s
∆+1 (θ∆ )

···

m,−s
aL−1 dL−1
(θ∆ )

(7)





a dm,−s (θ

m,−s
m,−s
∆+1 ) a1 d∆+1 (θ∆+1 ) · · · aL−1 dL−1 (θ∆+1 ) ,
 0 ∆


..
..
..
..


.
.
.
.
m,−s
a0 dm,−s
(θL−1 ) a1 dm,−s
∆
∆+1 (θL−1 ) · · · aL−1 dL−1 (θL−1 )

p
π(2β + 1) and

T
m
m
m
,
s fm = (s f )∆ , (s f )∆+1 , . . . , (s f )L−1

(8)

with aβ =

where (·) denotes the complex conjugate operation. These
coefficients form the spectral (or harmonic) domain of the
spin-s function and the transformation of the spin-s function
to its harmonic coefficient given in (3) is referred to as spin-s
spherical harmonic transform (s-SHT).
The spin-s function s f is said to be band-limited at L if
(s f )m
` = 0 for all ` ≥ L. Such band-limited spin-s functions
form a subspace s HL ⊂ L2 (S2 ) of dimension No . For the
representation of band-limited spin-s function given in (2),
the summation over degree ` is truncated to L − 1.

(9)

is a vector of spin-s spherical harmonic coefficients of order
|m| < L and integer spin s.
Remark 1 (Requirements for the Computation of s-SHT):
The spherical harmonic coefficients contained in a vector
s fm for each |m| < L can be recovered by inverting the
system in (7) provided (Requirement 1:) s gm is known and
(Requirement 2:) s Dm is invertible.
C. Spin-s Spherical Harmonic Transform – Computation

III. O PTIMAL -D IMENSIONALITY S AMPLING AND S PIN -s
S PHERICAL H ARMONIC T RANSFORM
A. Sampling Scheme
We define an iso-latitude sampling scheme, denoted by SL
s,
on the sphere as

2πp
SL
)
s = (θt ,
2t + 1

t = |s|, |s| + 1, . . . , L − 1,
p = 0, 1, . . . , 2t , (4)

which is comprised of L − |s| iso-latitude rings of samples
placed at θt , t = |s|, |s| + 1, . . . , L − 1 with 2t + 1 equally
spaced sampling points along φ in the ring placed at θt . We
discuss the location of iso-latitude rings later in this section.
Since the sampling scheme takes No sample points on the

By changing the order of summations in (2) and using (1)
and (5), we re-write (2) for a band-limited spin-s function as
s f (θ, φ)

=

1
2π

L−1
X

Gm (θ)eimφ ,

(10)

m=−(L−1)

which indicates that s f (θ, φ) is a linear sum of 2L − 1
complex exponentials along φ. Due to this fact, the existing
iso-latitude schemes require 2L−1 samples in each of the isolatitude rings in order to compute Gm (θt ) and consequently
s gm correctly and serve the requirement 1 (see Remark 1).
However, if we know the spherical harmonic coefficients of
all degrees (and orders) greater than given ∆0 , we can remove
their contributions from the signal which consequently reduces
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s f (θt , φ)

← s f (θt , φ) − s f˜L−1 (θt , φ)

E

10 -4

max

s=1

Single Pass
Multi-pass

Emean s=1
Emax s=2
Emean s=2

10 -6

Emax s=4

E max or E mean

the band-limit along φ and enable the computation of Gm (θt )
by taking an FFT over 2∆0 + 1 samples (instead of 2L − 1
samples) in a ring placed at θt . We further elaborate on this
idea below.
We first compute the spin-s spherical harmonic coefficients
of orders |m| = L−1, which can be determined by computing
s gL−1 = s GL−1 (θL−1 ) and s g−(L−1) = s G−(L−1) (θL−1 ) in
(7) using an FFT over only one ring of 2L − 1 samples along
φ placed at θL−1 . Once (s f )L−1
L−1 is computed, we update the
signal at the samples in the rings placed at θt , t = |s|, |s| +
1, . . . , L − 2 as

10
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Fig. 1: Numerical accuracy of the proposed s-SHT: the maximum error Emax and the mean error Emean for band-limits
L = (8, 16, 32, 64) and integer spin s = (1, 2, 4).

`=∆


1
eimφ Gm (θ) + e−imφ G−m (θ)
(12)
2π
denotes the part of the signal s f (θ, φ) composed of contribution of spherical harmonics of order m and −m and all
degrees ∆ ≤ ` ≤ (L − 1) for integer spin s. Once the signal
is updated as given in (11), 2L−3 samples are required instead
of 2L − 1 to compute Gm (θt ). For computing spin spherical
harmonic coefficients of order L − 2 and −(L − 2), we only
need 2L − 3 samples along the φ-ring placed at θL−2 . After
computation, these can be used to update the signal at other
sample positions. In this manner, we continue to evaluate the
spin spherical harmonic coefficients for all degrees ` ≥ |s|
and all orders |m| ≤ `. This proposed s-SHT is summarized
in the form of procedure below.
=

Procedure 1 s-SHT
Require: (s f )m
` , ∀ |m| < L, ∆ ≤ ` < L, given s f (θ, φ)
1: procedure S PIN SHT(s f (θ, φ))
2:
for m = L − 1, L − 2, . . . , 0 do
3:
compute s gm and s g−m by evaluating Gm (θt )
for t = ∆, ∆ + 1, . . . , L − 1
4:
5:

6:
7:
8:

compute s f m and s f −m by inverting (7)
update s f (θt , φ) ← s f (θt , φ) −s f˜m (θt , φ) for all
t = |s|, |s| + 1, . . . , ∆ − 1 and all associated
sampling points along φ
end for
return (s f )m
`
end procedure

to choose sampling points θt , t = |s|, |s| + 1, . . . , L − 1 using
the following steps:
πd M e

2
, that is, farthest from the poles in
Choose θL = M +1
the set Θ(M ), which is a natural choice for the ring of
2L − 1 samples along φ.
• For each m = L − 2, L − 3, . . . , |s|, choose θm from the
set Θ(M ) which minimizes the condition number of the
matrix s Dm .
Such placement of iso-latitude rings ensures that each matrix
s Dm for at least each |m| = |s|, |s| + 1, . . . , L − 1 is wellconditioned and therefore enables the accurate computation
of s-SHT. We note that the proposed condition number minimization method, although computationally intensive, is only
required to be used once for each s and band-limit L to
determine sample positions along co-latitude.

•

E. Multi-pass s-SHT
The s-SHT presented here computes the spherical harmonic
coefficients for each order m in a sequence |m| = L − 1, L −
2, . . . , 0. Since the error in the computation of m-th order
coefficients contributes to the error in the computation of
coefficients of order m−1, there tends to be error accumulation
in the inherent sequential computation of s-SHT. We propose a
multi-pass s-SHT which iteratively minimizes the building-up
of error and therefore improves the accuracy of the s-SHT.
For a spin-s function band-limited at L and discretized over
the sampling scheme SL
s , we compute its spherical harmonic
coefficients, denoted by (s f˘1 )m
` using proposed s-SHT and
define the residual as

D. Placement of Samples along Co-latitude
We yet need to determine the sampling points along colatitude for the placement of iso-latitude rings. To serve the
requirement 2 (see Remark 1), we propose a method, referred
to as condition number minimization [12], to determine L−|s|
co-latitude sample points θt , t = {|s|, |s| + 1, . . . , L − 1} such
that each matrix s Dm , given in (8), which depends on last L−
∆ samples along co-latitude, is well-conditioned. Our method
consider a set of M  L equiangular
(with uniform
 samples
π
measure along θ) given by Θ(M ) = Mt +1
, t = 1, 2, . . . , M

rk (θ, φ) = s f (θ, φ) −

L−1
X

`
X

m
(s f˘k )m
` s Y` (θ, φ)

(13)

`=s m=−`

that is, an error between the signal s f and the signal synthesized from the spherical harmonic coefficients. Here k =
1, 2, . . . , indicates the iteration number. We carry out s-SHT
of the residual to compute its spherical harmonic coefficients,
˘ m
denoted by (rk )m
` and update (s fk )` as
m
˘ m
(s f˘k+1 )m
` = (s fk )` + (rk )` .

(14)
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Fig. 2: The geometrical properties: (a) Minimum Geodesic Distance s σ(ζ), (b) Mesh norm s λ(ζ) and (c) Mesh Ratio s Γ(ζ)
for proposed, equiangular and Gauss-Legendre sampling schemes.
In multi-pass s-SHT, we propose to use (13) and (14) iteratively to compute (s f˘k )m
` for k = 1, 2, . . . , until the following
stopping criterion is met
max

(θ,φ∈SL
s)

rk+1 (θ, φ) >

max

(θ,φ∈SL
s)

rk (θ, φ) .

(15)

Later, we illustrate, through numerical experiments, that the
multi-pass s-SHT improves the accuracy over the (single-pass)
s-SHT.
IV. A NALYSIS
A. Numerical Accuracy
In our experiment to evaluate the accuracy of the proposed
spin-s SHT, we generate the spin spherical harmonic coefficients (s fa )m
` of our test signal for |s| < ` < L, |m| ≤ `
with real and imaginary parts uniformly distributed in the
interval [−1, 1] and then use (2) to obtain the signal over
samples of the proposed scheme SL
s . We then apply the
proposed s-SHT and multi-pass s-SHT to reconstruct the spins spherical harmonic coefficients denoted by (s fr )m
` . For each
L = 8, 16, 32, 64 and s = 1, 2, 4, we repeat this experiment 10
times to obtain the average value of the maximum and mean
errors, defined as
Emax , max s fa (θ, φ) − s fr (θ, φ) ,
1 X
Emean ,
s fa (θ, φ) − s fr (θ, φ) ,
No

(16)
(17)

(θ,φ)

which are plotted in Fig. 1 that illustrates that the proposed
transforms enable accurate computation of s-SHT and multipass s-SHT improves the reconstruction accuracy. It is observed that the reconstruction errors grow with the increase in
integer spin s, which is due to the fact that matrix s Dm defined
in (8) becomes ill-conditioned as s increases irrespective of the
placement of samples by the condition number minimization
method.
B. Geometrical Properties
In this section, we compare the geometrical properties:
minimum geodesic distance, mesh norm and mesh ratio for
the proposed sampling scheme with those for the the existing
equiangular [6] and Gauss-Legendre sampling schemes [14],
[18] 1 .
1 Since these sampling schemes require different number of samples for
the accurate reconstruction of spin-s functions, we incorporate the sampling
efficiency, denoted by s EL and defined as the ratio of the dimensionality
(No ) of subspace formed by band-limited spin-s functions to the number of
samples required to accurately compute s-SHT, in our comparison.

For a set of sampling points on the sphere denoted by ζ, the
minimum geodesic distance (or the packing radius) is defined
as the minimum distance between two points from a set of
specific sampling points on the sphere, that is [19]
s σn (ζ)

,

1
1
σ(ζ) =
min dS (û, v̂),
E
E
s L
s L û, v̂∈ζ

(18)

where dS (û, v̂) = cos−1 (û.v̂) denotes the geodesic distance
between û and v̂ [10]. The mesh norm (or covering radius) is
defined as the largest geodesic distance from any point û ∈ S2
to its nearest point v̂ ∈ ζ, given by [20]
s λ(ζ)

,

1
max min dS (û, v̂).
s EL û∈S2 v̂∈ζ

(19)

The mesh ratio for a sampling grid ζ is defined as [20]
s Γ(ζ)

=

2s λ(ζ)
s σn (ζ)

> 1,

(20)

For a sampling scheme to facilitate the acquisition of samples,
it is desirable to have larger minimum geodesic distance,
smaller mesh norm and consequently smaller mesh ratio [16],
[19]–[21]. We plot these properties for proposed sampling,
equiangular sampling and Gauss-Legendre sampling schemes
for band-limits 8 ≤ L ≤ 64 and integer spin s = 1, 2, 4, in
Fig. 2, where it can observed that the proposed scheme exhibit
superior geometrical properties primarily due to the dense
sampling near the poles required by the existing schemes.
V. C ONCLUSIONS
For the accurate reconstruction of band-limited spin-s
functions on the sphere, we have proposed an optimaldimensionality sampling scheme and developed a method
to compute s-SHT associated with the proposed sampling
scheme. We have placed the samples such that the linear
system of equations involved in the computation of s-SHT are
well-conditioned. For the accurate computation of s-SHT of
the spin-s function band-limited at L, the proposed sampling
scheme requires optimal No = L2 − s2 samples equal to the
number of degrees of freedom of the signal in harmonic space.
In comparison, the existing schemes require ∼2L2 samples.
We have also developed a multi-pass SHT that iteratively
improves the accuracy of the transform, demonstrated the
accuracy of the s-SHT and showed that the proposed sampling
scheme is superior to existing schemes in terms of geometrical
properties such as geodesic distance, mesh norm and mesh
ratio.
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